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Abstract This paper proposes a new methodology to schedule activities in projects with
stochastic activity durations. The main idea is to determine for each activity an interval in
which the activity is allowed to start its processing. Deviations from these intervals result
in penalty costs. We employ the Cross-Entropy methodology to set the intervals so as to
minimize the sum of the expected penalty costs. The paper describes the implementation
of the method, compares its results to other heuristic methods and provides some insights
towards actual applications.
Keywords Stochastic project scheduling problem · Cross-entropy · Intervals · Gates ·
Flexible commitment

1 Introduction
Consider a project composed of activities whose durations are random variables with known
distributions. The project has an external due-date and there is a tardiness penalty for each
unit of time in which the project is delayed beyond that due-date. The activities of the project
are processed by subcontractors, or alternatively they require that the resources needed for
their processing must be booked well in advance to ensure that they are ready to carry
out their tasks at predetermined times. The project manager (PM) seeks to determine for
each activity an interval (g 1 , g 2 ) in which it will be allowed to start its processing. The
determination of these intervals induces the following cost structure:
• The subcontractor (or the resource needed) for the activity commits to be ready to start
the activity at time g 1 and remains ready to start it throughout the interval (actual start
time t will depend upon the completion times of its predecessors). In order to obtain this
commitment, the PM has to pay the subcontractor an “interval cost” which grows linearly
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with g 2 − g 1 . This cost compensates the subcontractor for its willingness to make his
resources available throughout the interval (g 1 , g 2 ) (even if it means that these resources
will sit idle, waiting for the call to launch the activity throughout the interval). This cost
may be determined exogenously (according to “market rates”) or it could be negotiated
with the subcontractor.
• If the activity is ready to be processed at time t < g 1 (i.e., before its lower bound), the
PM incurs a penalty cost which increases linearly with g 1 − t . This penalty is equivalent
to a “holding cost” in the classical “newsvendor” inventory model as it reflects the fact
that the PM has invested money to execute the preceding activities sooner than needed.
Instead, the PM could have invested that money in secured bills and collect interest. The
“holding cost” may also reflect indirect costs that are incurred in cases where the products
of preceding activities deteriorate if not used immediately after they are finished.
• If the activity is ready to be processed at time t > g 2 (i.e., after its upper bound), the PM
incurs a penalty cost which increases linearly with t − g 2 . This penalty is equivalent to a
“shortage cost” in the newsvendor model. It reflects the fact that the subcontractor must
be compensated for having to wait idle longer than the interval which was agreed upon.
It can also reflect an indirect cost in cases where the resources which were booked for the
activity deteriorate if not used within the specific time interval which was defined for the
start time of the activity.
• If the project is completed after the due date, the PM will pay a tardiness penalty (per unit
time) which is larger than any of the shortage costs associated with starting individual
activities later than their respective g 2 ’s.
Given the cost structure explained above, there is a clear trade-off between penalty (holding and shortage) costs and interval costs: on one hand, the PM wants to enlarge the intervals
of the activities since this will lead to lower penalty costs but, on the other hand, it will increase interval costs.
The goal of this paper is to develop a methodology that will determine the intervals
described above so as to minimize the expected penalty and interval costs.
Scheduling of activities in projects with stochastic activity durations has been investigated extensively in the project management literature ever since the introduction of the
Program Evaluation and Review Technique (PERT) (see Fazar 1959; Malcolm et al. 1959;
Herroelen and Leus 2005) in the early 1960s. The models that were proposed to address this
problem differ from each other by their assumptions on the characterization of the activities’ durations, the presence of resource constraints and, most importantly, by their objective
functions. Most of the existing models share the same objective—makespan minimization,
which has been the most popular objective in the project scheduling domain.
In recent years, new methodologies have evolved that focus on another objective—
maximizing the net present value (NPV) of projects. For the most part, these methods assume deterministic durations (see the reviews in Kimms 2001 and Herroelen et al. 1997).
Maximization of NPV in stochastic settings was considered, to the best of our knowledge,
only by Buss and Rosenblatt (1997) and by Sobel et al. (2009). An important observation
that emerged from these articles was that when one maximizes NPV, starting activities as
soon as possible (according to precedence constraints) is not always optimal.
In a recent paper (Bendavid and Golany 2009) we proposed a new approach to project
scheduling with uncertain activity durations. This approach consists of determining for each
activity a gate—a time before which the activity cannot begin. This approach was motivated
by models proposed in Elmaghraby et al. (2000) and Elmaghraby (2001) in the context of
scheduling manufacturing jobs on a single machine and models proposed by Trietsch (2005)
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Fig. 1 Cumulative penalty cost according to the gate of activity j

Fig. 2 Cumulative penalty cost according to the gate of activity j with the new cost structure

and (2006) in the context of scheduling project activities. In both environments, the idea was
to determine for each operation a start time that would maximize total profit.
Analogous to the newsvendor model, the costs in Bendavid and Golany (2009) were defined as linear functions where the parameters hi and pi represent the holding and shortage
costs per unit time, respectively, for activity i and gi is a decision variable that sets the gate
for activity i. When the activity durations are characterized as continuous random variables,
the probability that an activity will finish exactly at the gate of one of its successors is null.
Consequently, for each value of the gate and for each realization of the durations, we will
incur some penalty (holding or shortage) cost, as is shown in Fig. 1 where activity j is a
successor of activity i.
In the current paper, we employ the concept of Interval Goal Programming models (see
Ignizio 1982 and Romero 1991) to extend the earlier work by enabling more flexible contracts with the subcontractors which would now be expected to start their respective activities
within a certain time interval rather than exactly at a certain gate. Thus, instead of requiring
a subcontractor to start processing activity j , j ∈ Si (where Si is the set of successors of activity i), exactly at time gj , we now require that activity j would begin within the interval:
[gj1 , gj2 ]. The contract will further stipulate that: (1) if activity i finishes its processing before
time gj1 the PM will incur a holding cost. (2) If activity i finishes its processing after time
gj2 the PM will incur a shortage cost. (3) Finally, if activity i finishes its processing within
the time interval [gj1 , gj2 ], no penalty cost will be incurred. These three situations are shown
in Fig. 2. In Figs. 1 and 2, we illustrate the case of continuous distribution. We note that
when the activity durations are characterized as discrete random variables, the probability
that an activity will finish exactly at the gate of one of its successors can be positive (but, in
most realistic cases, small). Thus, for each value of the gate and for each realization of the
durations, there will still be a large probability to incur some penalty (holding or shortage)
cost. From now on, the rest of the analysis will deal with the case of discrete distributions.
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Introducing flexibility into contracts with the subcontractors has recently become quite
common in supply chain management. For example, there is a growing literature on contracts with “flexible commitments”—where retailers commit to purchase quantities within
pre-defined intervals so as to smooth fluctuations of inventory replenishment orders between
suppliers and retailers (see, for example, Ben-Tal et al. 2005; Bassok and Anupindi 2008).
Introducing time intervals aimed at smoothing the fluctuations caused by the randomness
in activity durations is also not new—it stands at the core of the Critical Chain /Buffer
Management (CC/BM) method (see Goldratt 1997 and Rand 2000). However, in CC/BM,
these intervals are buffers added to the critical chain and the paths leading into it. In contrast,
the intervals defined here are associated with the release time of individual activities rather
than paths. Also, while the buffers in CC/BM are determined in an ad-hoc manner, here we
propose a method that determines the intervals so as to optimize a certain objective function.
The rest of this paper is organized as follows. In the next section we describe the problem
environment. In Sect. 3, we present the Cross-Entropy (CE) approach and its implementation
to our particular problem. In Sect. 4, we present the comparison of the CE results to two
heuristic methods and to the former approach of setting gates. Finally, in Sect. 5, we provide
concluding remarks and some insights towards actual applications.

2 Problem description
First, we define the following notation:
n
the number of activities in the project
the set of predecessors of activity j
Pj
the set of successors of activity j
Sj
the random variable that describes the duration of activity j
Yj
the realization of the random variable Yj
yj
Fj
the cumulative distribution function of the random variable Yj
aj
the minimal value of the random variable Yj
bj
the maximal value of the random variable Yj
G1 = (g11 , . . . , gn1 ) the vector of the lower bounds where gj1 is the lower bound of the
interval for activity j
G2 = (g12 , . . . , gn2 ) the vector of the upper bounds where gj2 is the upper bound of the
interval for activity j
the lower bound of the interval of activity j (a decision variable)
gj1
gj2
the upper bound of the interval of activity j (a decision variable)
Tj
the random variable that describes the start time of activity j
the realization of the start time of activity j
tj
the holding cost per time unit for activity j
hj
the shortage cost per time unit for activity j
pj
the interval cost per time unit for activity j
cj
d
the due date for the entire project
We consider the following environment: a project is composed of n activities. We define Pj
and Sj to be the set of predecessors and successors of activity j , respectively. We consider
the case where the duration of each activity is a random variable. Each activity j has a
duration Yj , which is a discrete random variable with a cumulative distribution function Fj
and realization yj . It is assumed that the distribution of Yj is bounded in the interval {aj , aj +
1, . . . , bj } (0 ≤ aj ≤ bj ). The gates for each activity are the decision variables. Once they are
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determined, the processing of an activity cannot start before the beginning of the interval but
it may start later (if its predecessors are delayed). The recursion that determines the starting
time tj of activity j whose interval was [gj1 , gj2 ] and whose predecessors l ∈ Pj have started
at time tl is given by:
tj = max{gj1 , tl + yl }
l∈Pj

where we define t1 =
We define hj and pj as the holding and shortage costs per unit time, respectively, for
activity j . An ideal situation would be to finish processing all the predecessors of activity i
within the interval [gj1 , gj2 ] in which case we will not incur any cost. The entire project has a
due date d (generally imposed by external agents). The shortage penalty for the last activity
is assumed to be significantly larger than the penalty of the other activities since it represents
the penalty for not finishing the project on the due date.
The objective function is to minimize the expected penalty and interval cost by determining the lower and upper bounds of the intervals:
 n 

 

1
+
2 +
2
1
(1)
hj (gs − Tj − Yj ) + pj (Tj + Yj − gs ) + cj (gj − gj )
min E
g11 .

G1 ,G2

j =1

s∈Sj

1
2
where we define: x + = max(0, x), and gn+1
= gn+1
= d.

3 Methodology
3.1 Description of the Cross Entropy (CE) method
The CE method was developed by Rubinstein and Kroese (2004). It is a general heuristic
method for solving estimation and optimization problems. This method has been applied
to solve a variety of problems and was proven to be quite effective for “hard” deterministic (combinatorial) and stochastic problems. For example, Alon et al. (2005) apply the CE
method to allocate buffer spaces amongst machines in a serial production line so as to optimize some performance measure such as the steady-state throughput. The CE method has
also been applied in the field of project management. Cohen et al. (2005) use the method to
determine optimal loading of a stochastic and dynamic multi-project environment by keeping a constant number of projects performed concurrently in the system so as to minimize
the average makespan of the projects. Bendavid and Golany (2009) use the CE method to
set gates for activities as explained earlier.
For optimization problems, a general outline of the CE method requires the translation
of the underlying optimization problem into a meaningful estimation problem called the
associated stochastic problem. Thus, when solving a minimization problem, the estimation
problem may be the expected number of times the objective function yields a value which
is lower than a pre-specified threshold value. Next, the CE algorithm involves the following
two phases: (1) generation of a sample of random data (demands, durations, trajectories, etc.)
according to a specified random mechanism, and simultaneous calculation of the objective
function values; (2) updating parameters of the random mechanism (on the basis of the data
collected) in order to produce an improved sample in the next iteration, that is, a sample that
will improve the value of the objective function.
In the next section, we explain how we apply the CE method to the specific scheduling
problem addressed in this paper.
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3.2 Employing CE method to the problem of setting intervals
The application of the CE method to our problem involves the following two phases: (1) generating the decision variables (the vectors of intervals) from an initial distribution and simultaneously calculating the total cost of the project for each vector of intervals generated;
(2) updating the parameters of the generation distribution on the basis of the outcomes observed in the first phase.
To apply the CE method to our scheduling problem, we choose to use a continuous
distribution function for the generation of the vector of intervals instead of a discrete distribution function. The reason is that the choice for the sample size N depends, according
to Rubinstein and Kroese (2004), on the number of parameters we have to estimate. As
explained in Bendavid and Golany (2009), if we use the Normal distribution function, we
would have to estimate for each activity and for each one of the end-points of its interval
just two parameters—the mean and the standard deviation. In contrast, if we use a discrete
distribution function, we would have to estimate for each activity and for each one of the
end-points of its interval the probability of all the values these variables can take.
We define the following additional notation:
N
the number of vectors of lower and upper bounds of the intervals
generated at each iteration (the sample size in the CE algorithm)
the number of vectors of activity durations generated for
N
each vector of gate intervals
k
k
, . . . , gin
) the ith Gk vector generated (k = 1, 2)
Gki = (gi1
μ̂kt = (μ̂kt,1 , . . . , μ̂kt,n ) the vector of means used in iteration t + 1 where μ̂kt,j is the mean
of the normal distribution used to generate the bound gjk (k = 1, 2)
of the interval for activity j in iteration t + 1
k
k
k
, . . . , σ̂t,n
) the vector of standard variations used in iteration t + 1 where σ̂t,j
σ̂tk = (σ̂t,1
is the standard deviation of the normal distribution used to generate
the bound gjk (k = 1, 2) of the interval for activity j in iteration t + 1
ρ
the percentage of best results we want to use in each iteration
C(G1i , G2i )
the performance of the ith vector of intervals generated
N elite
the set of indexes of the ρN  vectors that give the best
performances among the N vectors generated
the best performance (lower cost) obtained in iteration t
Ct∗
the maximum number of variance injections to perform in the
NLIM
algorithm
The adaptation of the CE procedure to our problem, using a continuous density function is
given below:
Algorithm 3.2: CE algorithm for setting intervals
1 2
) ,...,
Step 1 Set t = 1, choose μ̂10 = (μ̂10,1 , . . . , μ̂10,n ), μ̂20 = (μ̂20,1 , . . . , μ̂20,n ), (σ̂01 )2 = ((σ̂0,1
k
1 2
2 2
2 2
2 2
(σ̂0,n ) ) and (σ̂0 ) = ((σ̂0,1 ) , . . . , (σ̂0,n ) ) where μ̂t,j is the mean of the normal disk
tribution in iteration t + 1 used for generating the value gjk and σ̂t,j
is the standard
deviation of the normal distribution used in iteration t + 1 used for generating the
value gjk , k = 1, 2.
Step 2 Generate a random sample G11 , . . . , G1N from the Normal distribution
1
)2 ), a random sample G21 , . . . , G2N from the Normal distribution
N (μ̂1t−1 , (σ̂t−1
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2
N (μ̂2t−1 , (σ̂t−1
)2 ). For each vector i of intervals generated, check if: G1i ≤ G2i . Calculate the performance (the total cost of the project) for each vector i of intervals
generated—C(G1i , G2i ) in the following way: generate N  vectors of activity durations, each activity j according to the probability function of Yj (these vectors are
generated once and used for all the vectors of gates in every iteration). Calculate for
each realization of durations the cost of the project. For a specific realization of activity durations y = (y1 , . . . , yn ), the cost of the project can be calculated using the
following equation that derives from the objective function (1):
n



hj (gs1 − tj − yj )+ + pj (tj + yj − gs2 )+ + cj (gj2 − gj1 )

(2)

j =1 s∈Sj

where x + = max(0, x), tj is the start time of activity j as defined above, t1 = g11 ,
1
2
= gn+1
= d. Finally, we calculate the average of
tj = maxl∈Pj {gj1 , tl + yl } and gn+1

these N costs. This average is the estimator of the expected cost of the project for the
specific vector of intervals (G1i , G2i ). Since we use an estimation of the cost function,
Algorithm 3.2 implements in fact a noisy CE optimization procedure. We now have
to order these performances from largest to smallest. Let N elite be the set of indices of
the ρN  vectors that give the best performances among the N vectors generated.
Step 3 Update: for all j = 1, . . . , n, k = 1, 2
μ̂ktj :=



gijk /|N elite |

(3)

i∈N elite

and
(σ̂tjk )2 :=



(gijk − μ̂ktj )2 /|N elite |.

(4)

i∈N elite

Step 4 Smooth:
μ̂kt := α μ̂kt + (1 − α)μ̂kt−1 ,
k
)2 .
(σ̂tk )2 := α(σ̂tk )2 + (1 − α)(σ̂t−1

(5)

If maxj =1,...,n σ̂tj2 ≤ ε (ε = 0.01), perform a “variance injection” according to:
∗
σ̂t2 := σ̂t2 + |Ct∗ − Ct−1
|K

(6)

where the injection parameter K was set to 2.
Step 5 If the stopping criterion is met, that is, the number of “variance injections” performed
using (6) exceeds a specific limit NLIM (we use NLIM = 5), then stop; otherwise set
t = t + 1 and reiterate from Step 2.
In the first step, we choose the initial mean and variance. In our case, we chose μ̂10 to be the
vector of the early start times based on minimal processing times and μ̂20 to be the vector of
the early start times based on maximal processing times. For the initial variance, we chose:
2
2
k
(σ̂01 )2 = (σ̂02 )2 = ( d9 , . . . , d9 ) (that is, σ̂0,j
= d/3 for all j = 1, . . . , n). This initial value for
the variance ensures that when the procedure starts it is possible to generate values for each
activity from all the interval [0, d]. Indeed, in a Normal distribution, 99.7% of the values lie
k
= d/3
within three standard deviations of either side of the mean. With our choice of σ̂0,j
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for all j = 1, . . . , n, 99.7% of the values generated will be between the mean plus d and the
mean minus d.
In the second step, we generate two samples from the Normal distributions with the
initial means and standard deviations and calculate the cost of the project for each vector of
intervals generated in the following way: we generate N  vectors of activity durations, each
activity j according to the probability function of Yj , then calculate for each realization of
durations the cost of the project according to (2). Finally, we calculate the average of these
N  costs. This average is the estimator of the expected cost of the project for a specific vector
of intervals. We then choose the ρN  vectors that give the best performances and keep the
indexes of these vectors in the set N elite , where the cardinality of the set N elite is equal to
ρN : |N elite | = ρN . For example, for ρ = 10% and for N = 1,000, the set N elite will
be composed of indexes of the 100 vectors of intervals that gave lower costs among the
N = 1,000 vectors generated.
In the next step we update for each activity four parameters: its mean and standard deviation for the two values of the interval. In the next iteration, the mean μ̂ktj of the Normal
distribution will be the average of all the k-values that gave the best performances (3) and
the standard deviation σ̂tjk will be the standard deviation of all the k-values that gave the best
performances (4).
In the fourth step, we use a smoothing procedure. For the smoothing of μ̂kt and (σ̂tk )2
we use α = 0.7. With this simple smoothing, the convergence to a degenerate distribution
may happen too quickly and may lead to a sub-optimal solution. One possibility to overcome this problem is to follow the suggestions of Kroese et al. (2006) and use dynamic
smoothing for the smoothing of (σ̂tk )2 . For this purpose, (5) is replaced by the following
k
)2 where: βt = β − β(1 − 1t )q , q is an integer typione: (σ̂tk )2 := βt (σ̂tk )2 + (1 − βt )(σ̂t−1
cally between 5 and 10 and β is a smoothing constant typically between 0.8 and 0.99. The
problem in this method is that now the algorithm has a very slow convergence which makes
it more difficult to choose a good stopping criterion. In this paper, we chose the second possibility which was suggested of Botev and Kroese (2004) and use the technique of “variance
injection”: if at iteration t the maximal variance in the vector (σ̂tk )2 is lower than ε (we use
ε = 0.01 according to some runs of the algorithm that help us to figure out what value can be
∗
|K
considered as a small variance), add to all the variances of the vector the value |Ct∗ − Ct−1
for some injection parameter K between 0.1 and 10 (we use K = 2 according to previous
experimentations explained in Botev and Kroese 2004).
In step 5, we have to stop if the stopping criterion is met. Again, we chose to adopt the
stopping criterion suggested by Botev and Kroese (2004): stop when the number of variance
injections exceeds a specific limit NLIM (we use NLIM = 5).
Of course, the gates obtained from applying this algorithm are continuous values,
whereas our solution is restricted to discrete values. Rather than using arbitrary rounding,
we apply the CE algorithm using a discrete distribution developed in Bendavid and Golany
(2009). We generate for each activity the bounds of the interval according to the discrete Uniform distributions: DU[GF,1 , GC,1 ] for the lower bound of the interval and DU[GF,2 , GC,2 ]
for the upper bound of the interval, where GF,k and GC,k (k = 1, 2) are the floor and ceiling
values, respectively, of the continuous vector of bounds. For example, assume that for a twoactivities project, we obtained the following continuous intervals: [3.7, 5.2] and [6.8, 9.1].
We then feed these results into a CE algorithm based on discrete distributions as explained
in Bendavid and Golany (2009) (Sect. 3) in the following way: the initial distribution for the
lower bound of the first activity will be the discrete uniform distribution DU[3, 4], the initial
distribution for the upper bound of the first activity will be DU[5, 6], the initial distribution
for the lower bound of the second activity will be DU[6, 7], and the initial distribution for
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the upper bound of the second activity will be DU[9, 10]. The update of the distribution
parameters will also be done using discrete values, as explained in Bendavid and Golany
(2009).

4 Computational study
4.1 Comparison of the CE algorithm to other methods for the case of “zero interval costs”
Setting intervals for start times of activities is a new concept in the context of project management. Hence, there are no other techniques that can be considered as straightforward
candidates for comparison with our method. Therefore, we decided to study the performance of Algorithm 3.2 first in the case where the interval costs cj are equal to zero and
compare it to the following heuristic methods:
• ES-LS: this is a simple heuristic method that consists of setting for each activity an interval where the lower bound of the interval is the expected early start time of the activity
and the upper bound of the interval is the expected late start time of the activity.
• Simulated Annealing (SA): SA is a general purpose heuristic that has been used to solve
various combinatorial problems. A detailed description of SA can be found in Heragu
(1997) or Golany et al. (1999). The SA heuristic starts with an initial feasible solution
and an initial “temperature”. Then, it randomly generates a neighbor solution. If the new
solution has a better performance, it is accepted. Otherwise, it can still be accepted with a
probability that depends on the degradation in the objective function and on the temperature of the process at that stage. This routine is repeated until some termination conditions
are met. Then, the temperature is decreased and the same steps are repeated. The detailed
SA algorithm (Algorithm A.3) which was adapted and used in the present paper is presented in Appendix A.
We also compare the interval cross-entropy method (I-CE) developed in the present paper
to the cross-entropy method for determining gates (G-CE) which was developed in Bendavid and Golany (2009). To carry out these comparisons, we first need a tool capable of
generating project networks. This was done by employing the Progen software (see Kolish et al. 1995) that gave us a random number of activities and a random network structure represented by a matrix of successors. In addition, for each activity i, we generated
the parameters: ai , bi , hi , pi and d for the entire project. These parameters were uniformly
generated in an interval between some minimal and maximal values. One possible configuration for small projects (up to 20 activities) could be: ai ∼ DU[2, 10], bi ∼ DU[8, 20],
hi ∼ DU[1, 5], pi ∼ DU[3, 7]. The penalty pn for the last activity should be significantly
larger than the penalty of the other activities since it represents the penalty for not finishing
the project on the due date. We set pn = 4pmax where pmax is the maximal value of the interval wherein the penalty pi was generated. For large projects, we added a parameter called
the type of the activity. For each activity we randomly set a “time type” that determines if it
is a long, medium or short activity. Then, for each type we generate the parameters ai and
bi from different intervals. In the same way, for each activity we randomly set a “cost type”
that determines if it is an expensive, medium or inexpensive activity and then, for each type
we generate the penalty costs hi and pi from different intervals. This allows many possible
configurations for a project that could be composed of short or long activities, cheap or expensive penalties. In addition, for the entire project we need to generate a due date. To do
so, we calculate what we called dmin , which is the minimal completion time of the project.
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Project

Average

size

I-CE

G-CE

ES-LS

SA

5–20

665.8225

1215.59

1932.7586

1104.9624

20–30

1497.4908

4377.3274

8438.5898

4302.1696

30–40

2390.4512

6312.9342

14098.6123

6968.2156

40–50

2630.7695

8168.7927

16197.2604

9922.5847

In the same way, we calculate dmax , which is the maximal completion time of the project.
Then, we generate d uniformly in the interval [dmin , dmax ].
We programmed Algorithm 3.2 in Matlab and applied it to ten random projects with a
random number of activities between 5 to 20, ten random projects with a random number of
activities between 20 to 30, ten random projects with a random number of activities between
30 to 40 and ten random projects with a random number of activities between 40 to 50. We
compared the performances of the I-CE algorithm to the ES-LS heuristic, the SA heuristic
and the G-CE method. The results that were obtained are summarized in Table 1. The data
and results of a detailed project can be found in Appendix B.
4.2 The influence of the length of the interval on the cost
It is clear from the previous results that the approach of determining for each activity an
interval confers flexibility to the contract and leads to reduced costs in comparison with the
gating approach. In Sect. 4.1, we could reduce considerably the cost of a project since for
each activity we choose the better interval, with no cost imposed on its length. In reality, the
length of the intervals are negotiated in the contract with the subcontractor. In some types of
contracts we need to pay a cost for each time unit of the interval. Of course we will be ready
to pay such costs if the savings obtained by using intervals are greater than the costs. In this
section, we check how the lengths of the intervals influence the cost of a specific project.
For this purpose, we applied several times Algorithm 3.2 using the following algorithm:
Algorithm 4.2: the influence of the length of the interval on the cost
1.
2.
3.
4.

Apply on the project Algorithm 3.2 without any constraint on the intervals length.
Compute the maximal interval length obtained in step 1.
Repeat step 4 until the interval length is less than τ (we choose τ = 5).
Decrease the interval length by τ and apply Algorithm 3.2 with the new interval length
as a constraint on the intervals of all activities.
5. Apply Algorithm 3.2 with the interval length set to zero to all activities, which is equivalent to the gating approach (developed in Bendavid and Golany 2009).
We checked the influence of the interval lengths on a project network with seven activities.
The results are presented in Fig. 3.
We can see from Fig. 3 that larger intervals lead to lower costs and that the minimal cost
is obtained for unconstrained interval lengths. We can also see in Fig. 3 that the diminution
of the cost is larger for small interval lengths and then it stabilizes. Thus, for example, it is
more beneficial to pay an extra cost in order to raise the interval length from 10 to 15 than
to raise it from 50 to 55.
With the insight that in reality intervals are constrained and with some changes to the
basic algorithm we can handle different types of negotiations with subcontractors:

Ann Oper Res (2011) 186:429–442

439

Fig. 3 The cost of a project for different intervals length

• If the cost per time unit is given by the subcontractor, we can find the “best” interval for
each activity. This can be done using Algorithm 3.2.
• If the length of the intervals are given/constrained by the subcontractor, we can find the
lower and upper bounds of the activities such that they respect this constraint. This can be
done by replacing the second step of Algorithm 3.2 by the following one:
Step 2 Generate a random sample G11 , . . . , G1N from the Normal distribution
1
)2 ), a random sample G21 , . . . , G2N from the Normal distribution
N (μ̂1t−1 , (σ̂t−1
2
2
N (μ̂t−1 , (σ̂t−1 )2 ). Check for each generated vector i of intervals if G2i − G1i ≤ L
where L = (L1 , . . . , Ln ) and Lk is the constrained length of activity k. Otherwise
generate again vector i until the constraint is respected. Calculate the performance
(the total cost of the project) for each vector of intervals: C(G1i , G2i ). Order these
performances from largest to smallest and let N elite be the set of indices of the
ρN  vectors that give the best performances among the N vectors generated.
• Finally, if the length of the intervals are given/constrained by the subcontractor, but the
cost is set by negotiations with the subcontractor, we can find how much we are ready to
pay per time unit for a specific activity in the following way:
1. Calculate the cost of the project according to the G-CE method, i.e. without intervals.
2. Calculate the cost of the project according to the I-CE method developed in Sect. 3.2
while adding the constraint of the length for the specific activity as explained in the
previous bullet.
3. Calculate the difference between these two costs: this is the potential saving for adding
an interval for this activity. This is also the maximum we are willing to pay to the
subcontractor for adding flexibility in the contract by allowing intervals.

5 Concluding remarks
This paper presents a new approach for the stochastic project scheduling problem. Rather
than trying to determine an exact release gate for each activity, we attempt to introduce some
flexibility into the schedule by determining intervals in which activities are expected to start.
The underlying problem is too complex to be solved exactly and therefore we rely on the CE
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heuristic which has already proven its effectiveness in other settings including the context
of projects with stochastic activity durations.
The proposed method may help the PM carry out different types of negotiations with
subcontractors. If the cost per time unit for the interval is given by the subcontractor, the PM
can use the method to find the best interval for each activity. If the length of the intervals
are constrained by the subcontractor, the PM can use the method to find the lower and upper
bounds of the activities that will adhere to these constraints. Finally, if the length of the
intervals are constrained by the subcontractor, but the interval costs can be negotiated with
the subcontractor, the PM can use the method to find how much he is ready to pay per time
unit for the intervals associated with each specific activity.
Extensions of the method we presented here might include the scheduling of activities in
projects where certain activities are restricted to take place within pre-defined time-windows
(i.e., where the constraints are on both the start and the finish time of these activities). Another interesting direction for future research may involve a simultaneous determination of
the interval lengths and the mode (time-cost trade-off) in which each activity will be carried
out.

Appendix A: Specification of the SA algorithm
A.1 Notation
The additional notation used in this section is as follows:
ρ
the percentage by which the gate of an activity changes to create a new solution
TLimit the number of times the temperature is decreased
the temperature used in step r, r = 1, . . . , TLimit
Tr
Nmax maximum number of solutions evaluated at each temperature
δ
the difference between the cost of the candidate solution and the cost of the
current solution
CR
the cooling rate by which the temperature is decreased
A.2 Generation of neighboring solutions
1.
2.
3.
4.
5.

At iteration r, randomly select a number i between 1 to n.
Randomly select sign1 to be equal to 1 or −1.
Set: gi1 (r) = gi1 (r − 1) + sign1(ρgi1 (r − 1)) where ρ was set to 0.1.
Randomly select sign2 to be equal to 1 or −1.
If sign2 = 1 we will enlarge the interval. Therefore, randomly select gi2 (r) in the interval:
[gi2 (r − 1) + sign1(ρgi1 (r − 1)), d]. Otherwise we will tighten the interval. Therefore,
randomly select gi2 (r) in the interval: [gi1 (r), gi2 (r − 1) + sign1(ρgi1 (r − 1))].
6. Check feasibility: if gi1 (r) < 0, gi2 (r) < 0, gi1 > d or gi2 > d goto 1, otherwise stop.
A.3 Simulated annealing algorithm
Algorithm A.3: SA algorithm for setting intervals
1. Set r = 1, Tr = 0.1.
2. Select as an initial solution for the gates the vector composed of the early start times of
the activities, and compute the cost of the initial solution.
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3. Repeat steps 4–5 Nmax times, where Nmax was set to 1,000.
4. Select a neighbor solution according to Sect. A.2 and compute its cost.
5. If the cost of the candidate solution is lower than the current cost, accept the candidate
solution with probability 1. Otherwise, accept it with probability e−δ/Tr where δ is the
difference between the cost of the candidate solution and the cost of the current solution
(δ > 0).
6. Set r = r + 1. If r ≤ TLimit (TLimit was set to 10), set Tr = Tr−1 CRr−1 , where CR was set
to 0.9 and goto 3. Otherwise, stop.

Appendix B: Data and results of a detailed project

Fig. 4 Network for a project with 15 activities and d = 190
Table 2 Data for a project with
15 activities and d = 190

Activity i

ai

bi

hi

pi

1

24

38

14

14

2

14

24

13

14

3

10

24

10

16

4

15

29

10

12

5

25

38

2

4

6

4

14

5

10

7

3

15

3

5

8

3

11

12

16

9

15

30

1

3

10

14

30

3

5

11

21

38

3

7

12

5

13

5

6

13

13

23

3

4

14

23

32

1

4

15

23

33

11

48

Table 3 Results for a project
with 15 activities and d = 190.
Cost

I-CE

G-CE

ES-LS

SA

1268.4761

2599.633

4583.693

1950.1048
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