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Abstract The problem of verifying a Minimum Spanning
Tree (MST) was introduced by Tarjan in a sequential setting.
Given a graph and a tree that spans it, the algorithm is required
to check whether this tree is an MST. This paper investigates
the problem in the distributed setting, where the input is given
in a distributed manner, i.e., every node “knows” which of its
own emanating edges belong to the tree. Informally, the distributed MST verification problem is the following. Label the
vertices of the graph in such a way that for every node, given
(its own state and label and) the labels of its neighbors only,
the node can detect whether these edges are indeed its MST
edges. In this paper, we present such a verification scheme
with a maximum label size of O(log n log W ), where n is the
number of nodes and W is the largest weight of an edge. We
also give a matching lower bound of (log n log W ) (as long
as W > (log n)1+ for some fixed  > 0). Both our bounds
improve previously known bounds for the problem.
For the related problem of tree sensitivity also presented
by Tarjan, our method yields rather efficient schemes for both
the distributed and the sequential settings.
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1 Introduction
1.1 Background and motivation
The Minimum Spanning Tree (MST) verification problem
was introduced by Tarjan [32,34] in the context of sequential algorithms. A weighted graph is given, together with a
tree that spans it, and it is required to decide whether this
tree is indeed an MST of the graph. Improved algorithms in
different sequential models were given by Harel [17], Komlòs
[23], and Dixon et al. [7] who improved the original results of
Tarjan. (The same result with a simpler algorithm was later
presented by King [26].) Parallel algorithms were presented
by Dixon and Tarjan [8] and by King et al. [27]. One application of the algorithm of [7] is as a subroutine for an algorithm
that computes an MST, see e.g. [22,31]. A related motivation
for the problem is that the verification seems easier than the
computation. A linear (in the number of edges) time algorithm for computing an MST is known only in certain cases,
or by a randomized algorithm [12,22]. On the other hand,
the verification algorithm of [7] is linear (in its sequential
running time).
The motivation for verification is even stronger in a distributed setting. There, the tree is given in a distributed manner,
such that every vertex marks locally some of its own emanating edges, and the collection of the marked edges (of all
the nodes) is the tree, see e.g. [5,6,13]. Computing such a
tree distributively requires a computation that involves all the
network nodes, and involves messages sent to remote nodes

123

254

and waiting for replies. Intuitively, it is much harder than
computing an MST sequentially. On the other hand, in the
verification task, it is desired that every node, looking only
at itself and at its neighbors, is able to determine whether
its edges that are marked as belonging to the MST, indeed
belong to it. Initial upper and lower bounds for the distributed verification of an MST are given in [24] together with
the model for distributed verification we follow here. It turns
out that neither of the bounds presented therein is optimal.
A common application of local distributed verification is
in the context of self stabilization. See, for example, the local
detection [1], the local checking [3], or the silent
stabilization [9]. Self stabilization deals with algorithms that
must cope with faults that are rather sever, though of a type
that does occur in reality [18,19]. The faults may cause the
states of different nodes to be inconsistent with each other.
For example, the collection of marked edges may not be
a tree, or may not be an MST. Self stabilizing algorithms
thus often use distributed verification repeatedly. If the verification fails, then the output (e.g. the MST) is recomputed.
An efficient verification algorithm thus saves repeatedly in
communication.
Another motivation is theoretical. A fundamental issue
studied for distributed computing is the following question:
how efficient is the translation from results for sequential
models to results in distributed models? Quite a few papers
dealing with the (distributed) time cost of the translations
appear in the literature, e.g. [25,28–30]. In particular, interest has been shown in translations that take one (or a constant)
time unit. The current paper deals with a unit time translation
(for Tarjan’s MST verification problem) and with its cost in
terms of the size of the labels in nodes, as well as in terms
of the communication needed to compare this information
between neighboring nodes. A (semi) automatic paradigm for
translating a sequential verification algorithm to a distributed
one can be derived from [24]. Unfortunately, when translating the known sequential MST verification algorithms, the
resulting distributed verification algorithms turn out to be
inefficient.
Some techniques used for solving the MST verification
problem (in the sequential setting) were previously shown to
be useful for the related problem of sensitivity testing. Given
a graph and an MST of the graph, the task of this problem
is the following. Label every edge (u, v) with the minimum
number c(u, v) such that if the weight of the edge changes
by c(u, v) (and the weights of the rest of the edges remain
the same) then the given tree is no longer minimum. Note,
that the output of any algorithm solving the sensitivity testing
problem must use (|E| · log W ) bits in some cases, where
W is the maximum edge weight.
In [32], Tarjan has extended his MST verification algorithm to an algorithm solving the sensitivity testing problem
in O(|E|·α(|E|, n)) time, where α is the functional inverse of
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Ackermann’s function. For the special case of planar graphs,
Booth and Westbrook [4] gave an algorithm solving the sensitivity problem in O(|E|) time. In [7], they describe a randomized O(|E|)-time algorithm and a deterministic algorithm
that runs in time within a constant factor of the unknown
optimum (which is between O(|E| · α(|E|, n)) and (|E|)).
These results assume a model for time which allows very simple operations on edge costs to be performed in unit time.
Let us note that in a stronger model for time, in which bit
manipulations of edge costs are possible in unit time, somewhat stronger results where achieved. In particular, Harel
[17] showed that if the edge costs are polynomial in n then
the sensitivity problem can be solved by a deterministic algorithm that runs in O(|E|) time.
1.2 Our results
We first present an algorithm solving the distributed MSTverification problem using O(log n log W )-bit labels, where
n is the number of nodes and W is the largest weight of an
edge. We note that our scheme can be applied to any given
MST, even when the MST is not unique. This result improves
the corresponding O(log2 n + log n log W ) size scheme presented in [24]. We also show a matching lower bound of
(log n log W ) (as long as W > (log n)1+ for some fixed
 > 0). This improves the corresponding lower bound of
(log n + log W ) given in [24] and answers a question left
open there. Proving this lower bound was the main technical
difficulty overcome in this study.
Let us also mention that one of the tools constructed here
for the upper bound proof also improves the previously known
upper bound for implicit labeling schemes supporting the
F L O W function on trees [21].
Returning to the sequential setting, our distributed MST
verification algorithm yields a result for a slightly weaker version of the sensitivity problem. We relax the required output
as follows: instead of writing the sensitivity of each edge
explicitly, we write some auxiliary information. Later, when
queried about the sensitivity of an edge, we are allowed to
perform a constant time computation to derive the sensitivity of that edge, using the above auxiliary information. We
provide a rather efficient algorithm for this version of the
sensitivity problem as well as for a distributed version of this
problem.

2 Preliminaries
The model described in this paper is taken from [24]. We
consider distributed systems that are represented by weighted
undirected connected graphs G = V, E. For an edge e ∈ E,
let ω(e) denote the (integral) weight of e. Every node v
has internal ports, each corresponding to one of the edges
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attached to v. The ports are numbered from 1 to deg(v) (the
degree of v) by an internal numbering known only to node v.
For every vertex v, let N (v) denote the set of edges adjacent
to v. Note, that deg(v) = |N (v)|. In addition, we assume that
for each graph G, each vertex v ∈ G has a unique identity
id(v) (i.e., for every pair of vertices v and u in G, it is given
that id(u) = id(v)), which is encoded using O(log n).
Let F(n, W ) (respectively, T (n, W )) denote the family of
all graphs (resp., trees) with at most n vertices whose edge
weights are bounded from above by W .
Given a vertex v, let sv denote the state of v and let vs =
(v, sv ). A configuration graph corresponding to a graph G =
V, E is a graph G s = Vs , E s , where Vs = {vs | v ∈ V }
and (vs , u s ) ∈ E s iff (v, u) ∈ E. bits.
A family of configuration graphs Fs corresponding to a
graph family F consists of configuration graphs G s ∈ Fs
for each G ∈ F. Given a set S, let F S be the largest possible
family of configuration graphs corresponding to F, such that
the states of the vertices in each graph G s in Fs belong to S.
When S is not specified, we consider S as the set of natural
numbers. When it is clear from the context, we use the term
“graph” instead of “configuration graph”. We may also use
the notation v instead of vs .
We consider distributed representations of subgraphs,
encoded in the collection of the nodes’ states. There can be
many such representations. For simplicity, we focus on the
case that an edge is included in the subgraph if it is explicitly pointed at by the state of one of its endpoints. This is
formalized in the following definition.
Definition 1 Given a configuration graph G s = Vs , E s ,
the subgraph induced by the states of G s is defined as follows. The set of vertices of the subgraph is V . The state
of each node contains (a) specific field (or fields) for storing names (that is, numbers) of ports. An edge (u, v) ∈ G
belongs to the subgraph iff the state of one of its endpoints
(say su ) includes (in one of the above specific fields) the name
of u’s port number that points at v.
For example, a spanning tree can be represented as follows.
The state of every vertex u contains a field that is u’s port
number leading to its parent in the tree. This field at the root
is empty.
Consider a graph G. A distributed problem Pr ob is the
task of selecting a state sv for each vertex v, such that G s
satisfies a given predicate f Pr ob . This induces the problem
Pr ob on a graph family F in the natural way. We say that
f Pr ob is the characteristic function of Pr ob over F. In this
paper, Pr ob is the following problem-M ST : assign states to
the vertices of a given graph G such that the subgraph induces
by the states of G is a minimum spanning tree (MST) of G.
Proof labeling schemes deal with the task of adding labels
to configuration graphs in order to maintain a (locally checkable) distributed proof that the given configuration graph
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satisfies a given predicate f Pr ob . Informally, a proof labeling
scheme includes a marker algorithm M that generates a label
for every node, and a verifier algorithm that compares labels
of neighboring nodes. If a configuration graph satisfies f Pr ob ,
then the verifier at every two neighboring nodes declares their
labels (produced by marker M) “consistent” with each other.
However, if the configuration graph does not satisfy f Pr ob ,
then for any possible marker algorithm L, the verifier must
declare “inconsistencies” between some neighboring nodes
in the labels produced by the marker L. It is not required
that the marker be distributed. However, the verifier is distributed and local, i.e., every node can check only the labels
of its neighbors (and its own label and state).
More formally, A marker algorithm L is an algorithm that
given a graph G s ∈ Fs , assigns a label L(vs ) to each vertex
vs ∈ G s . For a marker algorithm L and a vertex vs ∈ G s , let
N L (v) be a set of deg(v) fields, one field per neighbor. Each
field e = (v, u) in N L (v), corresponding to edge e ∈ N (v),
contains the following.
• The port number of e in v.
• The weight of e.
• The label L(u).
Let N L (v) = (sv , L(v)), N L (v). Informally, N L (v) contains the labels given to all of v’s neighbors along with the
port number and the weights of the edges connecting v to
them. N L (v) contains v’s state and label as well as N L (v).
A verifier algorithm V is an algorithm which is applied separately at each vertex v ∈ G. When V is applied at a vertex
v, its input is N L (v) and its output, V(v, L), is boolean.
Let f be some characteristic function of a problem over
some family F. Let Fs be some family of configuration
graphs corresponding to F. A proof labeling scheme π =
M, V for Fs and f is composed of a marker algorithm
M and a verifier algorithm V, such that the following two
properties hold.
1. For every G s ∈ Fs , if f (G s ) = 1 then V(v, M) = 1 for
every vertex v ∈ G.
2. For every G s ∈ Fs , if f (G s ) = 0 then for every marker
algorithm L there exists a vertex v ∈ G so that
V(v, L) = 0.
We note that the proof labeling schemes constructed in this
paper use a polynomial (sequential) time verifier algorithm.
The size of a proof labeling scheme π = M, V is the maximum number of bits used in a label M(vs ) over all vs ∈ G s
and all G s ∈ Fs .
For some of our proofs we make use of a particular different type of a distributed representation referred to as an
implicit labeling scheme [15,20]. These were introduced in
the past for a different purpose. For example, they can be
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viewed as a generalization of a routing table: given the labels
of nodes u and v, find the first node (other than u) on the
route from u to v.
Formally, let g be a function on pairs of vertices of a graph.
An implicit labeling scheme γ = E, D supporting function g on a family of graphs F is composed of the following
components:
1. An encoder algorithm E that given a graph in F, assigns
labels to its vertices.
2. An decoder algorithm D that given the labels E(u) and
E(v) (assigned by the encoder E to two vertices u and v,
not necessarily neighbors) outputs g(u, v).
The size of an implicit labeling scheme is the maximum number of bits in a label assigned by the encoder E to any vertex
in any graph in F.
Note, that unlike the case of the verifier (in proof labeling schemes), instead of receiving the labels of neighbors
as input, the decoder (in implicit labeling schemes) receives
two labels of any two nodes as input. An additional difference
between proof labeling schemes and implicit labeling scheme
is the following. In an implicit labeling scheme, the answer
of the decoder is some function of the two specific nodes
given as inputs. It does not seem easy to define such a function for a proof labeling scheme. For example, if the answer
of a correct verifier for some graph and function should be
zero (e.g., the states of the graph do not encode an MST)
then one correct verifier V1 may output zero for some node,
while another correct verifier V2 may output 1 for that node,
but zero for some other node. Hence, for a proof labeling
scheme it is hard to claim that what the verifier finds is a
function of some specific nodes (unlike the case of a decoder
in implicit labeling schemes). Still, we find it interesting that
techniques from each of these kinds of schemes helped, or
inspired our proofs and constructions for the other kind.
Let us define two functions for which we construct and
use implicit labeling schemes. Given a tree T ∈ T (n, W )
and two vertices u and v in T , M AX (u, v) is the maximum
weight of an edge on the path connecting u and v in T . Similarly, F L O W (u, v) is the minimum weight of an edge on the
path connecting u and v in T . (Our constructions are based
on the methods used for the labeling schemes in [11,14].)
In our schemes, the labels given to the vertices may contain
several fields of different sizes. We assume that it is possible
to perform operations on individual fields, e.g., to compare an
individual field between the labels of two neighbors. Clearly,
this can be performed with the aid of a sequential data structure that does not increase the order of the size of a label.
Regarding the sensitivity problem, we use the same model
for time as used in [7]. I.e., we allow edge costs to be compared, added, or subtracted at unit cost, and side computations
to be performed on a unit-cost random-access machine with
word size (log n) bits.
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Let us illustrate the definitions using an example presented
in [24], and is in the spirit of [35]. Note, that v’s neighbors
cannot ‘see’ the state of v but they can see v’s label.
Agreement in anonymous families Problem [24] Assign all
the nodes identical states. Let S = {1, 2, . . . , 2m }.
Note, that the corresponding computation task, that of
assigning every node the same state, requires only states of
size 1. The verification is harder, as was shown in the following lemma.
Lemma 1 [24] The proof size of F Sall (the family of all the
graphs) and f Agr eement is (m).
Proof We first describe a trivial proof labeling scheme
π = M, D of the desired size m. Given G s such that
f Agr eement (G s ) = 1, for every vertex v, let M(v) = sv . I.e.,
we just copy the state of node v into its label. Then, D(v, L)
simply verifies that L(v) = sv and that L(v) = L(u) for
every neighbor u of node v. It is clear that π is a correct
proof labeling scheme for F Sall and f Agr eement of size m. We
now show that the above bound is tight up to a multiplicative
constant factor even assuming that F Sall is id-based. Consider
the connected graph G with two vertices v and u. Assume,
by way of contradiction, that there is a proof labeling scheme
π = M, D for F Sall and f Agr eement of size less than m/2.
For i ∈ S, let G is be G modified so that both u and v have
state s(u) = s(v) = i. Obviously, f Agr eement (G is ) = 1 for
every i. For a vertex x, let Mi (x) be the label given to x by
marker M applied on G is . Let L i = (Mi (v), Mi (u)). Since
the number of bits in L i is assumed to be less than m, there
exist i, j ∈ S such that i < j and L i = L j . Let G s be G
modified so that su = i and sv = j. Let L be the marker algorithm for G s in which L(u) = Mi (u) and L(v) = M j (v).
Then, for each vertex x, D(x, L) = 1, contradicting the fact


that f (G s ) = 0.

3 Upper bound for the MST problem
In this section, we construct a proof labeling scheme πmst =
Mmst , Vmst  for f M ST and F S (n, W ) with size O(log n ·
log W ). Recall that the main technical difficulty overcome in
this paper is the proof of the lower bound, which is presented
later.
Like the verification scheme of [7], our proof labeling
scheme πmst is based on the well known fact that given a
graph G, a spanning tree T (of G) is an MST iff for every
edge e = (u, v) ∈ G, its weight ω(e) is at least as large as
M AX (u, v) (calculated on T ) [33].
It was proved in [24], that the problem of verifying an
MST can be split into two: (1) verifying that it is a spanning tree, and (2) verifying that the spanning tree is minimal. Moreover, in [24] they show how to solve problem (1)
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above using a relatively simple construction. Intuitively, in
the construction of [24] (a direct translation of existing self
stabilizing tree protocols such as [1,2,10]), the label includes
the unique identity of some root node, as well as the distance
to that root and a pointer to the parent towards that root.
Clearly, the size of the label is O(log n). The decoder at each
node v needs to verify that (1) the root of each of its neighbors is the same as the root of v, (2) that the distance of the
parent is smaller by 1 than the distance of v, and (3) that if
the node is at distance 0 then its own identity is the identity
of the root (and it has no parent). Hence, we assume that
the given tree is indeed a spanning tree and concentrate on
proving whether T is minimal or not.
We first establish a family  of implicit labeling schemes
supporting the function M AX (u, v) on T (n, W ). Second,
we select an implicit labeling scheme γ ∈  and the proof
labeling scheme labels every vertex in T according to γ . For
the proof size to be small, we find a specific γsmall ∈  of
small size, namely O(log n · log W ). The reason we define
both  and γsmall is rather subtle, and is explained below.
At first glance, applying any γ ∈  may seem enough to
perform the distributed verification. If the vertices are labeled
according to any such γ then the distributed verification can
be performed as follows. Let I (v) be the label given to v in
the implicit labeling scheme. Supposedly I (v) has been given
according to γ . Each vertex v just compares the weight of
each of its incident edges (v, u) in G to M AX (v, u) (which
is calculated on T using I (u) and I (v)).
Unfortunately, for that to suffice, we also need to locally
verify that a given set of labels I has indeed been given
according to γ (or some other implicit labeling scheme supporting M AX (·, ·) on T ). That is, we need to construct a
proof labeling scheme to verify the implicit labeling scheme.
We do not know how to construct a small size proof labeling scheme to verify that I has been given according to
γsmall . Fortunately, it is enough to verify that there exists
some implicit labeling scheme γ ∈  such that the labels
at the vertices are indeed given according to γ . This already
verifies that the the value computed by v above for edge (v, u)
is M AX (v, u).
Even though we cannot verify that the specific γ ∈  used
is γsmall , our marker does use γsmall nevertheless, in order
to obtain a proof labeling scheme of a small size.
Let us remark that γsmall can easily be transformed into
an implicit labeling scheme supporting the F L O W function
on weighted trees with size O(log n · log W ); this improves
the previously known upper bound O(log2 n + log n · log W )
shown (for general graphs) in [21]. We also note that similar
techniques can be used to provide compact proof labeling
schemes for various implicit labeling schemes on trees, such
as routing, distance etc.
Let us start with some preliminaries. A separator decomposition of a tree T is defined recursively as follows. At the
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first stage we choose some vertex v in T to be the level-1
separator of T . Vertex x may be any vertex (not chosen
before). Different choices of v lead to different decompositions. By removing v, T breaks into disconnected subtrees
T 1 (v), T 2 (v), . . . , T p (v). These subtrees are referred to as
the subtrees formed by v. Each such subtree is decomposed
recursively by choosing some vertex to be a level-2 separator, etc. A separator decomposition is termed perfect if every
such separator v mentioned above is chosen in such a way
that |T j (v)| ≤ |T |/2 for every j. It is easy to see that every
tree has a perfect separator decomposition.
Define the separator tree T sep to be the tree rooted at the
level-1 separator of T , with the level-2 separators as its children, and generally, with each level j + 1 separator as the
child of the level j separator above it in the decomposition.
For a vertex v in T , define the level- j separator of v to be
the ancestor of v in T sep at depth j.
Given a separator decomposition Sep_Decomp of a tree
T , we define the function Sep − level on pairs of vertices as
follows. For every two vertices u and v in T , Sep−level(u, v)
is the depth of the nearest common ancestor of u and v in
T sep , i.e., the maximum level of a separator common to both
u and v.
3.1 Implicit labeling schemes supporting M AX (·, ·)
on T (n, W )
We first describe a family  of implicit labeling schemes,
each supporting the function M AX (·, ·) on T (n, W ). In fact,
in the construction (and later in the marker algorithm), we
shall use a specific scheme γsmall in . As mentioned above,
the reason we define both  and γsmall (rather than just γsmall
is somewhat subtle. Intuitively, our verifier will not check for
γsmall , because proving that γsmall was used is costly. Instead,
the proof is that some scheme in  is used.
3.1.1 The family  of implicit labeling schemes
We define  as the collection of all the implicit labeling
schemes γ = Eγ , Dγ  described as follows. Given a
tree T ∈ T (n, W ), perform a separator decomposition
Sep_Decomp on T . (The choice of the specific separator
decomposition to use is one of the factors that differentiates the members of  from one another). Note, that given
any separator decomposition, each vertex is a separator of
some level. For every vertex v, the encoder algorithm Eγ
assigns each vertex v a label E(v) composed of two sublabels, namely, E sep (v) and E ω (v). Let us first describe the
first sublabel, E sep (·), which is designed so that given the
sublabels E sep (u) and E sep (w) of two vertices u and w in
T , one can determine Sep − level(u, w). Specifically, for
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every level-l separator v, E sep (v) consists of l fields, namely,
sep
sep
sep
E sep (v) = (E1 (v), E2 (v), . . . , El (v)). It will follow
from the description of the encoder algorithm Eγ , that the
following property holds for every two vertices u and w.
The Sep − level property: For every 1 ≤ k ≤ i,
sep
sep
Ek (u) = Ek (w) iff u and w share the same level-i separator in the separator decomposition Sep_Decomp.
We start by initializing E sep (v) to be the same arbitrary
number for every vertex v. Next, we apply the following
recursive protocol. Let T 1 (v), T 2 (v), . . . , T p (v) for some p
be the subtrees formed by (the removal of ) v from a tree T (T
itself may be a subtree created earlier during the algorithm
by the removal of another node). For every 1 ≤ j ≤ p, let
ρ( j) be a unique number (in the sense that if j = g then
ρ( j) = ρ(g)). The specific values of ρ( j) is the other factor
differentiating the members of  from one another.
For every vertex u ∈ T j (v) update E sep (u) as followssep
E (u) = E sep (u), ρ( j) (where the comma stands for
concatenation). The protocol is then applied recursively on
each subtree T j (v) formed by v.
For each level-l separator v, its second sublabel E ω (v) also
consists of l fields, namely, E ω (v) = (E1ω (v), E2ω (v), . . . ,
Elω (v)). For every 1 ≤ i ≤ l, Eiω (v) is set to M AX (v, v i ),
where v i is the level-i separator of v in the separator decomposition Sep_Decomp.
Given the labels E(u) and E(v) of two vertices u and v,
the decoder Dγ first calculates the largest index i such that
sep
sep
for every 1 ≤ k ≤ i, Ek (u) = Ek (v), and then outputs
ω
ω
max{Ei (u), Ei (v)}. Note, that the decoder Dγ operates in
the same manner for every scheme γ ∈ .

γsmall is a refinement of  as follows. The separator decomposition chosen by scheme γsmall is a perfect separator
decomposition Per f ect_Decomp. The specification of how
to assign a unique number to each of the subtrees T 1 (v),
T 2 (v), . . . , T p (v) formed by the removal of each separator
v, is done according to the method described in [14]. As
proved therein, for every vertex v, the number of bits used in
E sep (v) is O(log n) (there, a different terminology was used
for E sep (v)). Note, that since the separator decomposition
Per f ect_Decomp is perfect, the level of each separator is
bounded from above by log n + 1. Therefore, for every vertex v, E ω (v) contains O(log n) fields. Since each such field
can be encoded using O(log W ) bits, we obtain that for every
vertex v, the number of bits used in E ω (v) is O(log n ·log W ).
Therefore, by following similar steps to the ones described
in Lemma 2.5 in [14], we obtain the following lemma.

Claim Every scheme γ ∈  is a correct implicit labeling
scheme supporting function M AX (·, ·) on T (n, W ).

Let Pr ob() be the following problem: assign states to the
vertices of a tree so that there exists an implicit labeling
scheme γ = E, D ∈  such that for every vertex v ∈ T ,
sv = Eγ (v).

Proof Fix a scheme γ = Eγ , Dγ  in . Let E(u) and E(v)
be the labels assigned by the encoder algorithm Eγ to two
vertices u and v in some tree T ∈ T (n, W ). By the description of the encoder algorithm Eγ , the Sep − level property is
satisfied for u and v. Therefore, Sep −level(u, v) is the largsep
sep
est index i such that for every 1 ≤ k ≤ i, Ek (u) = Ek (v).
Consequently, x, the level-i separator common to both u and
v resides on the path connecting u and v in T . Therefore,
M AX (u, v) = max{M AX (u, x), M AX (v, x)} and the correctness of the implicit labeling scheme γ follows.


Let us remark, however, that the size of γ may be large.
Next, we describe a particular implicit labeling scheme
γsmall ∈  whose size is small, namely O(log n · log W ).
3.1.2 The size O(log n log W ) implicit labeling scheme
γsmall ∈ 
Scheme γsmall is constructed using a similar method to the
one described in [14] for the different purpose of constructing approximate distance labeling schemes in trees. Scheme
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Lemma 2 γsmall is a correct implicit labeling scheme supporting the function M AX (·, ·) on T (n, W ) with size
O(log n · log W ). Moreover, given the labels assigned by
γsmall to two vertices u and v in some T ∈ T (n, W ), the
value M AX (u, v) can be computed in constant time.
Next, we establish a proof labeling scheme π on
T S (n, W ) whose goal is to verify, given a configuration tree
Ts , whether there exists an implicit labeling scheme γ ∈ 
such that the states of the vertices in Ts are the same as the
corresponding labels assigned by γ .
3.2 The proof labeling scheme π for T S (n, W )

Lemma 3 There exists a proof labeling scheme π =
M , V  for f Pr ob() and T S (n, W ) such that given any
tree Ts ∈ T S (n, W ), the maximum number of bits used in a
label given by M is asymptotically the same as the maximum number of bits used in a state of a vertex in Ts .
Before proving, let us try to give an informal high level
description of the proof. At the label of each vertex v, we
specify for each separator u of v, whether the direction from
v towards u is up or down the tree. By verifying consistency
between the labels at neighboring nodes and by verifying at
each separator v that the numbers assigned to the subtrees
formed by v are disjoint, we obtain that the states are indeed
given by some separator decomposition Sep_Decomp. Then,
the fact that for each separator u of v, the maximum weight
of an edge on the path connecting u and v is as indicated in
the corresponding place in the state of v, is verified along the
path from v to u.
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We stress that this does not verify that the implicit labeling
scheme γsmall is used. Fortunately, we do not have to prove
that, for γsmall to be useful for us.
Proof We describe Scheme π = M , V  as claimed.
First, it was shown in [24] (Lemma 2.4) that any proof labeling scheme π on undirected trees can be partitioned into three
steps: (1) transform the tree into a rooted tree where every
node knows the orientation towards the root; (2) construct a
proof labeling scheme for this orientation; and (3) construct
π assuming the tree has such an orientation. Moreover, the
first two steps are already given in [24] using O(log n)-bit
labels. Hence, we assume that an orientation is given on the
tree, i.e., the root r knows it is the root and every non-root
vertex v knows which of its port numbers leads to its parent
p(v) in the tree.
Constructing the marker algorithm: Given a tree Ts such
that f Pr ob() (Ts ) = 1, let γ ∈  be the corresponding
implicit labeling scheme. Recall that γ is based on some separator decomposition Sep_Decomp on T . For every level-l
separator v (in Sep_Decomp), the label M (v) given by
marker M is composed of two sublabels, namely,
Morient (v) and Mstate (v).
Informally, the first sublabel Morient (·) is used to verify
that the states are given by some implicit labeling scheme
according to some separator decomposition. This is implemented by indicating, at the label of each vertex v, whether
the direction from v towards each separator of v is up or down
the tree. Formally, for every level-l separator v, Morient (v)
(v), Morient
(v),
contains l fields, i.e., Morient (v) = (Morient
1
2
orient
(v)). For every 1 < k ≤ l, let sep k (v) denote
. . . , Ml
the level-k separator of v, and set
⎧
⎨ 0 , sep k (v) is a descendant of v in T
orient
Mk
(v) = * , k = l
⎩
1 , otherwise
The second sublabel Mstate (v) is simply a copy of the
state sv . Since the state sv is supposed to be a label assigned by
some γ ∈ , we may assume that it is composed of two components (which correspond to the sublabels E sep (·) and E ω (·)
of Eγ (·)). We therefore consider the sublabel Mstate (·) as
composed of two components, namely, Msep (·) and Mω (·),
i.e., for every vertex v, Mstate (v) = Msep (v), Mω (v). (The
comma stands for the concatenation operator.)
Constructing the verifier algorithm: Given some marker
algorithm L, for every vertex v, let l(v) denote the number
of fields in sublabel L orient (v). (We assume that some delimiter method is used to define the fields; clearly, the delimiter
method does not increase the order of the size of the label.)

259

Given N L (v), the verifier V outputs 1 iff for every 1 ≤
k ≤ l(v), the following conditions are satisfied. Informally,
the conditions imply that the label indeed looks as if it has
been given by Marker M as defined above. Recall, that M
assigns Mstate (v) to be the state of v- this is checked below
by condition 1. Then, some conditions check that L orient
matches the semantics of Morient of the case that the separator is an ancestor of v (condition 2), the case that the separator
is a descendant of v (condition 3), and the case that v itself is
the separator (conditions 4 and 6). The Sep − level property
is also checked (based on Claim 3.1.1) by conditions 4, 5,
and 6. The remaining conditions check that the computation
of the maximum weight edge on the route between v and
each separator is consistent among the nodes.
1. L state (v) = sv = ∅
(v) = 1 then v is not the root and l( p(v)) ≥ k.
2. If L orient
k
(u) = 1.
Moreover, for every child u of v, L orient
k
(v)
=
0
then
there
exists
precisely
one child u
3. If L orient
k
(u)
is
either
0
or
∗
and
if
v is not the
of v such that L orient
k
(
p(v))
=
0.
root then L orient
k
(v) = ∗ then both L orient (v), L sep (v) and L ω (v)
4. If L orient
k
contain precisely k fields.
5. If w is a neighbor of v then for every 1 ≤ j ≤
sep
sep
min{l(v), l(w)}, L j (v) = L j (w).
(v) = ∗ and for every neighbor w
6. If k = l(v) then L orient
k
of v such that l(w) ≥ l(v), the following hold.
(a) l(w) > l(v).
( p(v)) = 0 and
(b) If v is a non-root node then L orient
k
(u)
= 1 for every
if v is a non-leaf node then L orient
k
child u of v.
(c) For any other neighbor w of v such that l(w  ) ≥
sep
sep
l(v), L k+1 (w) = L k+1 (w  ).
7. If L orient
(v) = 1 then let ω be the weight of the edge
k
leading from v to its parent p(v).
( p(v)) = ∗ then L ωk (v) = ω, otherwise,
Then, if L orient
k
ω
L k (v) = max{L ωk ( p(v)), ω}.
(v) = 0 then let ω be the weight of the edge lead8. If L orient
k
(v) = 1.
ing from v to its unique child u satisfying L orient
k
ω (v) =
(v)
=
∗
then
L
Then, if this child u satisfies L orient
k
k
ω
ω
ω, otherwise, L k (v) = max{L k (u), ω}.
The fact that the maximum number of bits used in a label
given by M is asymptotically the same as the maximum
number of bits used in a state of a vertex in Ts is clear from
the description of M .
Let us now turn to prove that π is a correct proof labeling scheme for f Pr ob() and T S (n, W ). Clearly, given a tree
Ts ∈ T S (n, W ) such that f Pr ob() (Ts ) = 1, for every vertex v ∈ T , the verifier V applied on NM (v) outputs 1.
Assume now, by way of contradiction, that Ts is such that
f Pr ob() (Ts ) = 0 and there exists a marker algorithm L such
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that for every vertex v ∈ T , V (N L (v)) = 1. The contradiction is achieved once we show that there exists an implicit
labeling scheme γ ∈  such that for every vertex v ∈ T ,
sv = Mγ (v).
Let us first show that there exists a unique vertex v such
that l(v) = 1. By Condition 2 in the description of V ,
(r ) is either 0 or ∗. If L orient
(r ) =
for the root r , L orient
1
1
∗ then by Condition 3, there must exists a vertex x such
(x) = ∗. It follows that there must exist a verthat L orient
1
(v1 ) = ∗. By Conditions 4 and 1,
tex v1 such that L orient
1
l(v1 ) = 1 and therefore, by Conditions 6.b and 1, for every
(u) = 1 and if v1 is not the root then
child u of v1 , L orient
1
(
p(v
))
=
0.
Therefore, by Condition 2, for every
L orient
1
1
(w) = 1. It follows by Condescendant w of v1 , L orient
1
dition 6 that if v1 is the root then v1 is the only vertex
satisfying l(v) = 1. Otherwise, if v1 is not the root, then
( p(v1 )) = 0 and by Condition 3, L orient
(w) = 0 for
L orient
1
1
every vertex w on the path from v1 to the root. Therefore, by
(x) = 1 for every vertex x = v1
Conditions 2 and 3, L orient
1
which is not an ancestor of v1 . We therefore get that v1 is the
only vertex satisfying l(v) = 1. Consider v1 as the level-1
separator in the separator decomposition Sep_Decomp performed by the desired scheme γ . Since v1 is the only vertex
with just one field in its state, it follows from Condition 5
that by removing v1 from the tree, T breaks into subtrees
T 1 (v1 ), T 2 (v2 ), . . . , T p (v1 ), such that for every 1 ≤ j ≤ p,
all labels L sep (v) of vertices v ∈ T j (v1 ) have the same value
ρ( j) in their second field. Moreover, by Condition 6.c, for
every 1 ≤ j = g ≤ p, ρ( j) = ρ(g). The fact that for each
vertex v, L ω1 (v) is M AX (v, v1 ) follows from Conditions 7
and 8.
Following the same arguments as before we obtain that
j
for each subtree T j (v1 ), there exists a unique vertex v2
whose state contains precisely two fields and that for each
j
vertex v ∈ T j (v1 ), L ω2 (v) is M AX (v, v2 ). For each j, conj
sider v2 as a level-2 separator in the separator decomposition
Sep_Decomp performed by the desired scheme γ . Using the
same arguments as before, the lemma follows by induction
on the depth of the separator decomposition Sep_Decomp.


3.3 The proof labeling scheme πmst for f M ST and F(n, W )
Theorem 1 There exists a proof labeling scheme πmst for
f M ST and F(n, W ) with size O(log n · log W ).
Proof As mentioned before, it was shown in [24] (Lemma
4.3) that a proof labeling scheme for f M ST and F(n, W )
can be partitioned into two steps: (1) verify that the subgraph
induced by the states is a spanning tree; and (2) verify that this
spanning tree is minimal. Moreover, the first step is already
given in [24] using O(log n)-bit labels. Hence, we assume
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that the subgraph induced by the states is a spanning tree T
and concentrate on verifying whether it is minimal.
We describe a proof labeling scheme πmst = Mmst , Vmst 
as claimed. In the case where T is an MST, the marker algorithm Mmst assigns each vertex v a label M(v), composed
of three sublabels. The first sublabel at every node Mspan (·)
is assigned by the marker algorithm of the proof labeling
scheme described in Lemma 2.3 of [24] (to verify that the
given tree is indeed a tree). The second sublabel Mγsmall (·) is
the same as the label assigned to the corresponding vertex by
the encoder algorithm Eγsmall of the implicit labeling scheme
γsmall applied on T . By composing with the proof labeling
scheme π , mentioned in the above lemma (encoded in the
third sublabel M (·)), we can verify that the second sublabel is the label assigned by some implicit labeling scheme
γ ∈  applied on T . Note, that in terms of correctness, it is
not necessary to verify that the second sublabel is the label
assigned by the specific scheme γsmall ∈ . However, since
an arbitrary scheme γ ∈  may have large size, we use the
specific scheme γsmall in the marker algorithm, to achieve a
proof labeling scheme of small size.
As mentioned before, using the first sublabels, verifier
Vmst first verifies that T is a spanning tree of G. Then, using
the third sublabels of the vertices, verifier Vmst verifies that
the second sublabels can be used by some implicit labeling
scheme γ supporting the M AX (·, ·) function on T . Then,
verifier Vmst at vertex v computes M AX (v, u) for every
neighbor u of v, using the decoder of γsmall (which is the
same for any scheme γ ∈ ) applied on the second sublabels of v and u. Finally, verifier Vmst at vertex v verifies for
every neighbor u of v, that ω(v, u) is at least as large as
M AX (v, u).
The correctness of the proof labeling scheme πmst follows
from Claim 3.1.1 and Lemmas 2 and 3. The fact that the size
of πmst is O(log n · log W ) follows from Lemmas 2 and 3.



4 Lower bound for MST verification
In this section we establish a lower bound of (log n ·log W )
on the label size of any proof labeling scheme for f M ST and
F S (n, W ) as long as W > (log n)1+ for some fixed  > 0.
Though the specific parts of our proof are rather different, our
approach is inspired by the lower bound proofs of [16,21].
The lower bound proof of [16] was constructed for implicit
distance labeling schemes in trees. This proof was later modified in [21] to construct a lower bound proof for implicit
F L O W labeling schemes. Our proof is somewhat closer to
the modified proof of [21]. Specifically, the proof in [21] uses
a class of weighted complete binary trees called (h, µ)-trees.
The main lemma therein shows that one can derive labels for
the leaves of any (h − 1, µ2 )-tree from the labels given to
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the leaves of some (h, µ)-tree. In fact, the class of (h, µ)trees can be partitioned into µ disjoint subclasses, such that
one can label the leaves in (h − 1, µ2 )-trees using the labels
given to the leaves in trees even of one (any one) of the above
mentioned subclass. (This shows that the set of labels used
for leaves in (h, µ)-trees is large, and thus leads to a lower
bound on the size of a label.)
Our proof uses a new combinatorial structure termed
(h, µ)-hypertrees that is a combination of (h, µ)-trees and a
hypercube. That is, an (h, µ)-hypertree is constructed by connecting (via a weighted path) every node in one
(h − 1, µ)-hypertree to the corresponding node in another
(h − 1, µ)-hypertree. Intuitively, the proof needed that the
combinatorial structure has the following properties, which
the original construct of [21] does not provide: (1) we needed
to create many cycles; and (2) we needed to move nodes
in different subtrees closer to each other. Our proof follows the general structure of [21] in the sense that labels for
some (h −1, µ2 )-hypertree H  are computed using the labels
for some (h, µ)-hypertree H . However, it may be useful to
understand some of the differences (in addition to the difference between the combinatorial structure). First, in contrast
to [21], in which only the leaves of the trees are labeled,
we needed to label all the vertices of our hypertrees. This
is because proof labeling schemes rely on the cooperation
of many vertices, checking a property transitively. Second,
the additional complexity of our structure poses additional
difficulties not only at the state of computing labels, but also
at the stage of verifying them. A new trick we introduce here
is that the verifier described in the construction below, at any
node v, has to guess labels for some other nodes.
Let us start by defining the family of (h, µ)-hypertrees.
For i ≥ 0, let
Q i (µ) = {µ · i + j | 0 ≤ j ≤ µ − 1}.
An (h, µ)-hypertree H is constructed inductively on h. We
note that it will follow from our construction that given h,
all (h, µ)-hypertrees H are identical if we consider them as
unweighted. Furthermore, it will follow from our construction, that the subgraph induced by the states of a hypertree
H (see definition 1) is a spanning tree of H (not necessarily
minimal). We therefore refer to the subgraph induced by the
states of a hypertree H as the spanning tree induced by the
states of H . (The edges of the spanning tree are drawn as
directed edges in Fig. 1) A (1, µ)-hypertree is a single vertex
with an empty state. Given two (rooted) (h−1, µ)-hypertrees
H0 and H1 , we construct an (h, µ)-hypertree H as follows.
(Fig. 1 illustrates the following construction of H ).
1. Create a new root vertex r and choose some fixed x ∈
Q h−1 (µ). Connect the roots of H0 and H1 to r , and assign
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a^1

1

a1

w(a^0 ,a^1 )
x, w(a^0 ,a^1 ), w(r^0 ,r^1 )

Qh-1 ( )

Fig. 1 Constructing a hypertree out of two trees

them states such that they point at r . Let the weight of both
edges incident to r be x.
2. For every vertex a0 ∈ H0 , let a1 be its homologous vertex in H1 , and add to H the path Path(a0 , a1 ) defined
as follows. Path(a0 , a1 ) = (a0 , aˆ0 , aˆ1 , a1 ) consists of
four vertices (a0 and a1 together with two new vertices
aˆ0 and aˆ1 ) and three edges, namely, (a0 , aˆ0 ), (aˆ0 , aˆ1 ) and
(aˆ1 , a1 ). Let the state at aˆ0 (respectively, aˆ1 ) point at a0
(resp., a1 ).
3. For every new path Path(a0 , a1 ) defined in Step 2 above,
let the weights ω(a0 , aˆ0 ) = ω(aˆ1 , a1 ) = 1 and let the
value of ω(aˆ0 , aˆ1 ) be taken from Q h−1 (µ). We refer to
ω(aˆ0 , aˆ1 ) as the weight of Path(a0 , a1 ). Note, that the
weight of the path can be any fixed value from Q h−1 (µ).
However, path Path(a0 , a1 ) is termed legal if its weight
equals x, the value given in step 1 above (to the top most
edges of H ).
4. Consider the spanning tree induced by the states of H (the
directed edges of Fig. 1). Perform a preorder on this spanning tree starting at the root. Let the new identity id(v)
of each vertex v be a number according to this preorder.
In particular, id(r ) = 1.
Given an (h, µ)-hypertree H constructed as shown above,
let P denote the set of paths Path(u, v) added to H throughout the inductive construction. (Note, that a path is added also
between vertices that were created for paths added earlier.)
An (h, µ)-hypertree H is termed legal if the collection of
paths P consists only of legal paths.
The proof of the following claim is straightforward.
Claim 1. Given a hypertree H , the weight of any legal path
Path(u, v) ∈ H equals M AX (u, v), where M AX (u, v)
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is calculated on the spanning tree induced by the states
of H .
2. The spanning tree induced by the states in a legal (h, µ)hypertree H is an MST of H .
Let C(h, µ) be the family of (h, µ)-hypertrees. Given
x ∈ Q h−1 (µ), let C(h, µ, x) be the subfamily of C(h, µ)
consisting of (h, µ)-hypertrees with x being the weight of
the edges adjacent to the root. In other words, C(h, µ) =
µh−1
x=µ(h−1) C(h, µ, x).
A proof labeling scheme π = M, V satisfies the identity
property if the identity id(v) of each vertex v is encoded in
the leftmost field of the label M(v), assigned to v by M. (We
shall show that it is enough to speak only of schemes with
this property.) Given a proof labeling scheme π = M, V
for f M ST and C(h, µ) satisfying the identity property, let
X (π, h, µ) denote the set of all labels assigned by M to
nodes of hypertrees in C(h, µ). Let g(h, µ) denote the minimum cardinality |X (π, h, µ)| over all proof labeling schemes
for f M ST and C(h, µ) which
 satisfy
 the identity property.
Hereafter, we fix π̂ = M̂, V̂ to be some proof labeling scheme (satisfying the identity property) for f M ST and
C(h, µ) attaining g(h, µ), i.e., such that |X (π, h, µ)| =
g(h, µ).
Note, that a legal (h, µ)-hypertree H is completely defined
by H0 , H1 , x, where H0 and H1 are the two (legal)
(h − 1, µ)-hypertrees hanging from the root’s children and
x is the weight of the edges incident to the root of H . Let
X (x) denote the set of all possible pairs of labels assigned
by M̂ to some nodes a0 , a1 ∈ H = (H0 , H1 , x), where a0 ∈
H0 , a1∈ H1 and H is a legal hypertree in C(h, µ, x). Let
µh−1
X = x=µ(h−1) X (x). As X ⊆ X (π̂ , h, µ) × X (π̂ , h, µ),
we have,
Claim |X | ≤ g(h, µ)2 .
Lemma 4 For every µ(h − 1) ≤ x = x  < hµ, the sets
X (x) and X (x  ) are disjoint.
Proof Consider two different weights µ(h − 1) ≤ x = x  <
hµ, and assume by way of contradiction that there exists a
pair (λ1 , λ2 ) ∈ X (x)∩X (x  ). Then there exists a legal (h, µ)hypertree H = (H0 , H1 , x) which uses the label λ1 for some
vertex a0 ∈ H0 and the label λ2 for some vertex a1 ∈ H1 ,
and there exists a legal (h, µ)-hypertree H  = (H0 , H1 , x  )
which uses the label λ1 for some vertex a0 ∈ H0 and the label
λ2 for some vertex a1 ∈ H1 . By our assumption, that the identity of a vertex is encoded in the leftmost field of its label, and
by the fact that given h, all (h −1, µ)-hypertrees are identical
if we consider them as unweighted, we obtain that a0 = a0
and a1 = a1 . It follows that the path Path(a0 , a1 ) in H is the
same as the path Path(a0 , a1 ) in H  , except that the weight
of Path(a0 , a1 ) is x whereas the weight of Path(a0 , a1 ) is
x  . Assume W.L.O.G that x > x  and modify H into a new
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hypertree H  by replacing the weight of path Path(a0 , a1 )
in H by x  .
Since, by Claim 4, the weight x  of Path(a0 , a1 ) in H  is
smaller than x = M AX (a0 , a1 ) (calculated on the spanning
tree induced by H  ), we obtain that the spanning tree induced
by the states of H  is not minimal, i.e., f M ST (H  ) = 0. We
now show that it is possible to mark H  by a combination
of the labeling M̂ uses for H  and the labeling it uses for H
such that the claimed verifier is actually fooled (to output 1)
at each node.
We describe a labeling assignment L to the vertices of
/ Path(a0 , a1 ) (that is, all the verH  . For every vertex v ∈
tices except for four), let L(v) be the label assigned to v by
the marker algorithm M̂ applied on H and for every vertex
v ∈ Path(a0 , a1 ), let L(v) be the label assigned to v by the
marker algorithm M̂ applied on H  .
Since f M ST (H ) = 1 (by Claim 4), and since for every vertex v ∈
/ Path(a0 , a1 ), N L (v) in H  is the same as NM̂ (v)
in H , we obtain that at every vertex v ∈
/ Path(a0 , a1 ),
the verifier at v satisfies V̂(N L (v)) = 1. Similarly, since
f M ST (H  ) = 1, and since for every vertex v ∈ Path(a0 , a1 ),
N L (v) in H  is the same as NM̂ (v) in H  , we obtain that
at every vertex v ∈ Path(a0 , a1 ), the verifier at v satisfies V̂(N L (v)) = 1. This contradicts the correctness of π̂
(assumed in the definition of X (x)), since f M ST (H  ) = 0.


Lemma 5 For every x ∈ Q h (µ), |X (x)| ≥ g(h − 1, µ2 ).
Before proving, let us first outline the proof. Given an
(h − 1, µ2 ) hypertree H  , we associate with it a hypertree
H ∈ C(h, µ, x) (for some x ∈ Q h−1 (µ)) such that H is
legal if and only if H  is legal. Moreover, the states of the
two hypertrees (H and of H’) induce two subgraphs. We show
that one of these subgraphs is a minimum spanning tree if
and only if the other is. This is summarized in Claim 4.5.
Next, given a marking of an assumed optimal proof labeling scheme for H (for f M ST ), we show how to translate
these marking M̂ to a marking M for the vertices of H 
(for f M ST ). That is, we translate the labels of a pair of vertices in H to a label of one vertex in H  . (Each vertex of H
participates in only one pair). Hence, we obtain in Claim 4
that the number of labels used to label H  is at most X (x).
This implies the lemma (by the definition of g), provided that
we prove that the above marking is a part of a correct proof
labeling scheme. For that, we first construct the verifier part
V  for the above marker M . We then conclude the proof
by showing that scheme (M , V  ) is a correct proof labeling
scheme for f M ST for H  . That is, if the tree induced by the
states of the vertices in H  is a minimum spanning tree than
V  outputs 1 everywhere in H  , and vice versa.
Proof Given a hypertree H , and a vertex v ∈ H , let
N eigh H (v) denote the set of vertices in H which are at hop
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distance at most 1 from v, i.e., the set of all neighbors of v
(including the vertex v itself).
In any (h − 1, µ2 )-hypertree, a weight ωi ∈ Q i (µ2 ),
ωi = i · µ2 + j, for 0 ≤ j ≤ µ2 − 1, can be represented by
the pair of weights
 
j
,
y0 = j mod µ and y1 =
µ
such that y0 , y1 ∈ [0, µ − 1] and ωi = y0 + µ · y1 + µ2 · i.
Consequently, one can associate with any hypertree H  ∈
C(h − 1, µ2 ) a hypertree H = (H0 , H1 , x) ∈ C(h, µ, x) as
follows. Every vertex a  of H  is now associated with two
homologous vertices of H , namely, the vertex a0 (occurring
in the left part of H , i.e., H0 ), and the vertex a1 (occurring in
H1 ). For any edge e of H  with weight ωe = y0 +µ·y1 +µ2 ·i
(for some i), let the weight of e0 (respectively, e1 ), the corresponding edge of e in H0 (resp., H1 ), be ωe0 = y0 + µ · i
(resp., ωe1 = y1 + µ · i) for the i defined above. Note, that
ωe0 and ωe1 are uniquely determined by ωe and vice versa.
In addition, for every two homologous vertices a0 ∈ H0 and
a1 ∈ H1 , let the weight of the path Path(a0 , a1 ) in H be x.
See Fig. 2 for illustrating how to associate H  with H .
The following claim is straightforward.
Claim 1. The hypertree H  ∈ C(h − 1, µ2 ) is legal iff the
associated hypertree H ∈ C(h, µ, x) is legal,
2. f M ST (H ) = 1 iff f M ST (H  ) = 1.
Using the marking of H to derive a marking for H  : We
use the claim above to derive a proof labeling scheme π  =
M , V  for f M ST and C(h − 1, µ2 ) (satisfying the identity
property) using at most |X (x)| labels. This will show that
X (x) is large, as claimed in the lemma. Given an (h −1, µ2 )hypertree H  , consider the hypertree H ∈ C(h, µ, x) associated with H  and use the marker algorithm M̂ to label
H = (H0 , H1 , x). Denote by L̂(v, H ) the label assigned to
a vertex v ∈ H by marker M̂ applied on H . We now use
these labels to define the marker algorithm M for the nodes
of H  as follows.
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For every vertex a  ∈ H  , let a0 and a1 be the two homolo


gous vertices
 in H associated with a . Vertex a ∈ H receives
M (a  ) = id(a  ), L̂(a0 , H ), L̂(a1 , H ), x as its label. Note,
that for every vertex a  ∈ H  , the label M (a  ) contains four
sublabels, namely, M (a  ) = M1 (a  ), M2 (a  ), M3 (a  ),
M4 (a  ) . Clearly, given id(a  ), one can reconstruct the identities id(a0 ) and id(a1 ) and vise versa. (Recall that the id of a
vertex in a hypertree is the preorder number of the node in the
spanning tree of the hypertree.) Therefore, since the identities
of the vertices are encoded
in the left fields of the correspond


ing labels, the set { id(a ), L̂(a0 , H ), L̂(a1 , H ), x | a  ∈
2
H  and H  ∈ C(h
 − 1, µ )} contains the same number of
items as the set { L̂(a0 , H ), L̂(a1 , H ) | a  ∈ H  and H  ∈

C(h − 1, µ2 )} ⊆ X (x). The following claim follows:
Claim The number of labels used by marker M is at most
|X (x)|.
It remains to show that M is the marker algorithm of a
correct proof labeling scheme π for MST.
Constructing verifier V  : Given a labeling algorithm L 
applied on H  , let L  (a  ) = L 1 (a  ), L 2 (a  ), L 3 (a  ), L 4 (a  )
denote the label assigned to a  by L  . The verifier V  (N L  (a  ))
at a vertex a  ∈ H  outputs 1 iff the following conditions hold.
(Informally, the conditions check that L  could really result
from performing M  as defined above.)
1. L  (a  ) = id(a  ).
2. For every vertex b ∈ N eigh H  (a  ) , L 4 (b ) = L 4 (a  ).
(In the case where L  is M , this value is x).
3. (The guessing stage:) There exists a labeling assignment L for the nodes in N eigh H (a0 ) ∪ N eigh H (a1 )
with the following properties. Consider any vertex b ∈
N eigh H  (a  ), and let b0 , b1 be the two homologous vertices in H associated with b as defined above. Labeling
assignment L is required to be such that L(b0 ) = L 2 (b )
and L(b1 ) = L 3 (b ). Moreover, assuming the weight of
Path(a0 , a1 ) is L 4 (a  ), verifier V  performs a simulated
execution of verifier V̂ using L. Verifier V  then checks
that for the simulated execution, the following hold:
(a) If a  = r  (i.e., id(a  ) = 1), then the condition
here is satisfied if in the simulated execution of
verifier V̂ at a0 , aˆ0 , aˆ1 and a1 the following
holds: V̂(N L (a0 )) = V̂(N L (aˆ0 )) = V̂(N L (aˆ1 )) =
V̂(N L (a1 )) = 1.
(b) If a  = r  (i.e., id(a  ) = 1), then the condition here
holds if in the simulated execution at r0 , rˆ0 , rˆ1 , r1
and r the following holds: V̂(N L (r0 )) = V̂(N L (rˆ0 ))
= V̂(N L (rˆ1 )) = V̂(N L (r1 )) = V̂(N L (r )) = 1.
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Proving scheme (M , V  ): Let us now show that scheme
π  = M , V  is a correct proof labeling scheme for f M ST
and C(h − 1, µ2 ) (satisfying the identity property). Let H  be
a hypertree in C(h −1, µ2 ) such that f M ST (H  ) = 1. Clearly,
for every vertex a  ∈ H  , Conditions 1 and 2 in the description of verifier V  are satisfied if the labels are given by marker
M . Let H be the corresponding hypertree in C(h, µ, x) and
for each vertex v ∈ H , let M̂(v) be the label assigned to
v by marker algorithm M̂. By Claim 4, f M ST (H ) = 1 and
therefore, by the correctness of proof labeling scheme π̂ , we
obtain that for every vertex v ∈ H , V̂(v) = 1. It follows
that for every vertex a  ∈ H  , Condition 3 in the description
of verifier V  is also satisfied. Altogether, we obtain that for
 (a  ) = 1.
every vertex a  ∈ H  , VM

Assume now that for every vertex a  ∈ H  , V L  (a  ) = 1
for some labeling algorithm L  applied on H  . Our goal is
to show that f M ST (H  ) = 1. Let H be the corresponding
hypertree in C(h, µ, x). We now define a marker algorithm
L assigning each vertex v ∈ H a label L(v) defined as follows. For every vertex a  ∈ H  , let L(a0 ) = L 2 (a  ) and
let L(a1 ) = L 3 (a  ). For every non-root vertex a  ∈ H  ,
we know that V  guessed some labels that satisfied condition
3(a) (since we assume here that V L  (a  ) = 1). Let these labels
be L(aˆ0 ) and L(aˆ1 ) of aˆ0 and aˆ1 , respectively. Similarly, let
L(rˆ0 ), L(rˆ1 ) and L(r ) (where r is the root of H ) be the labels
of rˆ0 , rˆ1 and r respectively, such that by guessing them V 
found that Condition 3(b) is satisfied. If follows that for every
vertex v ∈ H , V̂ L (v) = 1 and therefore, by the correctness
of π̂ , f M ST (H ) = 1. By Claim 4, f M ST (H  ) = 1 and the
correctness of π  follows.
Since scheme π  = M , V  uses at most |X (x)| labels,


we obtain that |X (x)| ≥ g(h − 1, µ2 ).
Combining Claim 4 and Lemmas 4 and 5, we obtain the
following;
√
Corollary 1 g(h, µ) ≥ µ · g(h − 1, µ2 ).
Subsequently, we obtain the following lemma.
Lemma 6 g(h, µ) ≥ µh/2 .
This allows us to conclude with the lower bound.
Theorem 2 In the case where W > (log n)1+ for some
fixed  > 0, the size of any proof labeling scheme for f M ST
and F(n, W ) is (log n · log W ).
Proof For W > (log n)1+ for some fixed  > 0, let π be any
proof labeling scheme for f M ST and F(n, W ) satisfying the
identity property. Let h = log(n +1) and let µ = (W +1)/ h.
Scheme π is in particular a proof labeling scheme for f M ST
and C(h, µ). Therefore, the size of π is at least log(g(h, µ)).
·
By Lemma 6, the size of π is at least h2 log µ = log(n+1)
2
log(n+1)
log(n+1)
W +1
·log(W +1)− 2 ·log log(n +1) .
log h =
2
Since W > (log n)1+ for some fixed  > 0, it follows that
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log log n = o(log W ) and we obtain that the size of π is
(log n · log W ). The theorem follows by the fact that with
an extra additive cost of O(log n) to the label size, any proof
labeling scheme for f M ST and F(n, W ) can be transformed
into a proof labeling scheme for f M ST and F(n, W ) satisfying the identity property.



5 Sensitivity testing
As mentioned before, in the sequential setting, a related problem to MST verification is the following sensitivity testing
problem: given a graph and an MST of the graph G, label
every edge (u, v) with the minimum number c(u, v) such
that if the weight of the edge changes by c(u, v) (and the
weights of the rest of the edges remain the same) then the
given tree is no longer minimum. The number of bits used to
store the output of an algorithm π per edge is referred to as
the space complexity of π . Observe that if each c(u, v) must
be given explicitly (in binary), then any algorithm solving
this problem must outputs at least log c(u, v) bits, leading to
a space complexity of (log W · |E|), for example in graphs
where the weights of all the edges are within a constant multiplicative factor of each other.
In this paper, we consider a slightly weaker variant of the
sensitivity problem, in which the requirement from the output
is relaxed as follows. Instead of writing the sensitivity c(u, v)
of each edge (u, v) explicitly, we write some auxiliary information. Later, when queried about the sensitivity of an edge,
we are allowed to perform a constant time computation to
derive the sensitivity of that edge, using the above auxiliary
information and the given graph G. Our sensitivity testing
problem is referred to as the weak sensitivity problem.
We describe a deterministic algorithm solving the weak
sensitivity problem. For dense graphs (specifically, when
n log n = o(|E|)), this improves the best possible space complexity of any algorithm solving the original sensitivity problem. Moreover, let π be any algorithm solving the original
sensitivity problem and let T ime(π ) be the time complexity
of π (using the same model for time as the one used in [7]).
Given a graph and an MST, our computation of the auxiliary
information incurs O(T ime(π ) + n log n) time. Hence, for
graphs for which we improve the space complexity, the running time of our algorithm is not worse than the running time
of π .
Lemma 7 Let π be any algorithm solving the original sensitivity problem and let T ime(π ) be the time complexity of π .
There exists an algorithm solving the weak sensitivity problem with space complexity O(log n log W )-bits per node, and
time complexity O(T ime(π ) + n log n).
Proof Given a graph and an MST T of the graph, the auxiliary information consists of assigning a label L(v) to each
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node v in the graph. For every node v, the label L(v) contains
two sublabels, namely L T (v) and L γsmall (v).
We first run π , but instead of writing c(v, u) on each edge
(v, u), we do the following. Let v be a non-root vertex in T
and let p(v) be v’s parent in the tree. The sublabel L T (v) is
the value c(v, p(v)) as given by π . If r is the root of T then
L T (r ) is empty. The sublabel L γsmall (v) of each vertex v is
simply the label given to v by the implicit labeling scheme
γsmall as described in Sect. 3.1.2.
When queried about the sensitivity c(u, v) of a some edge
(u, v), the following happens. If (u, v) is a tree edge and
u is a child of v in T , then c(u, v) is written in L T (u). If
(u, v) is a non-tree edge, then M AX (u, v) can be extracted
using the decoder of γsmall (which runs in a constant time).
The sensitivity c(u, v) is then extracted using the fact that
c(u, v) = ω(u, v) − Max(u, v), where ω(u, v) is the weight
of (u, v) in G.
Clearly, a sensitivity query can be answered in constant
time using our auxiliary information and the given graph
G. Furthermore, the fact that the auxiliary information uses
O(log n · log W ) bits per node follows from Lemma 2. The
time required to construct the sublabels L T (·) is T ime(π ).
In addition, it can be easily shown that the time required to
construct the sublabels L γsmall (·) is O(n log n). (Clearly, in
a perfect decomposition, a vertex participates in up to log n
partitions; in each, the vertex has to be marked by the unique
name of the subtree and by the heaviest edge on the route to
the root of the subtree; those can be calculated for the whole
subtree by passing once on every edge of the subtree, walking
down from the subtree root.)



Returning to the distributed setting, one can define the
sensitivity problem in several ways. We define the distributed sensitivity problem as follows. Given a graph G and an
MST of G, label each vertex v by a label L(v), such that
the following holds. For every vertex u and each neighbor v
of u, the sensitivity c(u, v) can be extracted in constant distributed time, using a distributed algorithm that is invoked
at u. Note, that the preprocessing algorithm that labels the
vertices is not required to be distributed. However, the sensitivity query is distributed in the sense that when queried
about the sensitivity of an adjacent edge (u, v), vertex u is
only allowed to look at its own label L(v) and to invoke a
distributed algorithm (that is subject to the constraints in the
common message passing model, for example, the only way
to move information between nodes is between neighboring
nodes, and only by using messages).
We evaluate an algorithm solving the distributed sensitivity problem by its label size, i.e, the maximum number of bits
used in a label. Using the same labels as given by the algorithm described in the previous lemma, the following lemma
can easily be obtained.
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Theorem 3 There exists an algorithm solving the distributed
sensitivity problem with label size O(log n log W ).

6 Conclusion
Our bounds are tight only for W such that log log n =
o(log W ). The lower bound proof does not carry to the cases
of a smaller W , and the question of tight bounds in these
cases are still an open problem. Note, that for a large W the
existing lower bound depends on W , while for a small W this
dependence disappears. This seems counter intuitive. At first
glance, it seems that some factor that depends on W should
become easier to prove in the lower bound when W shrinks.
Another interesting direction of research would be to construct efficient distributed marker algorithms, as opposed to
the algorithm described here that was not designed for an
efficient distributed implementation.
We used some tools taken from the the theory of implicit
labeling schemes. We used them both for proving the lower
bound and for constructing the algorithm for the upper bound.
See [20] for implicit labeling schemes for adjacency queries, and [15] for a comprehensive survey of implicit labeling
schemes. This may raise the hope that the theory of implicit
labeling scheme may be shown useful for studying proof
labeling schemes further.
Finally, we should mention that not much is known about
the complexity of proof labeling schemes in general. We hope
that the current paper can serve as an example that problems
in this area are an interesting subject of study.
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